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We want to answer the question of whether the divergence in the effective mass in metal-
insulator transition (MIT) in 2DEG is in the same universality class as percolation. We 
use a model to make Percolated state in 2D and then calculate the effective mass in a 
supercell and the Bloch Theorem. It is seen that the effective mass, m*, scales as 
 with ( ) α−−∝ PcPm* 1≈α  and Pc being the (classical) percolation threshold. 
PACS numbers: 71.30.+h, 73.43.Nq , 71.27.+a  
 
After the recent discovery of MIT in 2D 
electron (and hole) system by 
Kravchenko and his co-workers in 1994, 
(see references i &ii) people saw a 
divergence in spin susceptibility near the 
MIT (See references iii,iv,v,vi,vii&viii 
) in the metallic phase. Spin 
susceptibility is proportional to effective 
mass and g-factor ( ** mg∝χ ). 
Shashkin et al (in ref.ix) showed that 
effective mass, and not the g-factor, 
diverged near the MIT.  
In 2002 Shi & Xie x proposed that 
Metal- Insulator Transition in 2DEG was 
appearing at or near the percolation 
transition. Later, Das Sarma & his co- 
workersxi and also othersxii supported 
this view with measuring conductance 
near the MIT point. They showed that 
the conductance has a power-law 
dependence with the difference between 
the density (n) and a critical density (nc), 
(1) ( ) ( ) ( )( ) ( )Tc TnnTAT δσ −=
The critical density nc, the exponent δ 
and the coefficient A all depend on the 
temperature of the sample. 
Therefore they extrapolated ( )Tnc  and ( )Tδ  when temperature was decreased 
and found that: ( ) 1.04.10 ±≈=Tδ .  
This formula is very similar to the 
conductance formula in 2D-percolation 
theory ( )δσ cPP −∝  with 3.1≅δ . (See 
references xi and xiii) 
We use this view, and propose a non- 
interacting model for calculating the 
effective mass from the percolated 
ground state near the MIT point.   
Our model is defined in a classical 
uncorrelated percolation network.  
If we only use random hopping 
∑ +=
ji
jiij CCtH
,
(2), according to the 
Anderson scaling theory of localization 
xiv it can be seen that all states are 
localized and they are not percolated.  
Hence effective mass is infinity, as is 
shown in figures (1).  
To assess the localization of the 
eigenstates, we also calculate the inverse 
participation ratio (IPR) defined as: 
( )22
4
IPR
∫
∫=
dV
dV
ψ
ψ
 (3) 
For extended systems, it scales as the 
inverse of the volume of the system, and 
for localized states it is the inverse of the 
volume (area in 2D) spanned by the 
state: 
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Figure 1-ground state IPR versus probability 
of bond connection in percolation on different 
lengths using hopping Hamiltonian (see Eq.2). 
 
In Fig. 1 we show the IPR for the lowest 
eigenvector versus the probability of 
bond connection for the bond 
percolation network. Since the state is 
localized, the IPR value is the same 
regardless of the super-cell size. For P 
near 1, IPR curves split and tend to 
minimum conceivable IPR that is equal 
to 1/L2. 
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Figure 2-a) mb/m* versus probability of bond 
connection for different lengths. b) Plot 
(m*/mb-1) versus L, that behaves 
exponentially. , Inset 
plots β vs P that shows
L
b emm
β∝− )1/*(
P96.001.1 −=β  . 
 
In figure 2 bulk mass (mb = m(P=1)) 
over the effective mass (mb /m*) versus 
P in the bond percolation is plotted. It 
can be seen that when the length of the 
percolation network (L) is increased, the 
effective mass increases rapidly (1/m* 
decreases) in any P<1. This means that 
at infinite L, the effective mass is infinite 
for any P<1. 
IPR in figure 1 and mb /m* in figure 2 
are averaged over 100 different 
ensembles. 
So we applied the onsite energy 
correlated with random hopping to make 
ground state extended and percolated. So 
our Hamiltonian is: 
∑∑ ++ +=
ji
jiijiii CCtCCH
,
ε (4)     
Where is the creation operator on site 
issue i, C
+
iC
i is annihilation operator, tij is 
equal to t0 when site i is connected to 
site j with one bond, and equal to zero 
when they are not connected. Finally, 
0tNi −=ε where N is the number of 
bonds connected to site i and t0 is the 
hopping term that is negative. It is very 
simple to see that this Hamiltonian has 
an eigenvector of constant coefficients 
i.e. in coordinate space. 
∑ >Ω= +
i
iC |0ψ  & Ω is vacuum 
vector.) 
In this model we use super cell with size 
L*L that is repeated in the square 
network. So we use the Bloch theorem to 
find eigenvalues of the Hamiltonian 
versus momentum (wave number) E(k) 
from which the effective mass can be 
deduced as: 
( )kE
m keffective
21 ∇=  (5)  
That is calculated in 0=kr  (The 
minimum energy of band structure). So 
we can approximate this formula to find 
effective mass with: ( ) ( )effectivemkkE 22≅r (6)  
 From Bloch theorem we have ( ) ( ) Rkikk erRr rrrr rrr ⋅=+ ψψ where L is a 
translation vector of the supercell. So we 
can find the effective Hamiltonian in the 
super cell whose form is similar to 
(Eq.4) the only difference being in the 
definition of hopping:  tlj is zero when 
we have no bond between sites l & j, 
equal to t0 when this bond is within one 
cell and equal to when site issue 
l and site issue j are in two different cells 
with displacement vector 
ljRkiet
rr⋅
0
ljR
r
 between 
these two cells. (  and “a” is 
the length of one bond.) 
⎭⎬
⎫
⎩⎨
⎧
±
±=
yaL
xaL
R
ˆ
ˆr
When all bonds are connected it’s easy 
to see that ( ) ( ) ( )( ) 2200 22 katakCosakCostkE yx rr −≈−+=
when k is very small. So mb (bulk) is 
equal to   ( )1
2
1
2
0
=− h
at
. 
In practice, ( )kE r  is calculated for 5 
different small k-points near the zone 
center, and then a line if fitted to ( )kE r   
versus k2; the slope of this line is equal 
to
effectivem2
1 . These values are averaged 
over 100 different network 
configurations. Finally, the effective 
mass is calculated for several lattice 
lengths L, within both bond and site 
percolation models. 
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Figure 3-Effective mass versus (P) 
(probability of bond connections in bond 
percolation (Fig. a.) and probability of site 
existence in site percolation (Fig. b.)). Inset: 
Log-Log Plot of effective mass versus (P-Pc) 
(Pc = 0.5 in bond percolation and Pc = 0.59 in 
site percolation (see ref. xiii)). 
 
In these two cases we can find that:  
. ( ) α−−∝ PcPm*
α is equal to  in bond 
percolation & equal to  in site 
percolation. If we change site 
percolation threshold probability (P
05.000.1 ±
1.09.0 ±
C) 
from 0.59 to 0.58 we have a better fit 
and α becomes  in site 
percolation. 
05.000.1 ±
For smaller length super cells we see 
finite size effects that underestimate the 
effective mass. 
In all kinds of percolation models 
(correlated or uncorrelated in any 
dimension), we can see the divergence 
of effective mass near the percolation 
threshold, but the exponent (δ) and 
percolation threshold (PC) will be 
different. 
In experiments, it is seen that 
( ) αχ −−∝∝ ceffectiveeffective nnm (g-Factor 
has limited value and more than zero at 
the MIT point.(see ref. ix)). Reported 
values of α by different groups are 
different: 
12.060.0 ±=α , α =0.24 & α = 0.27 (In 
ref v & vii), and α = 1 (In ref. iv & viii) 
Das Sarma & his co workers (in ref. xi) 
assume that: ( ) ( cc PPnn − )∝−  and also 
assume MIT in 2DEG is uncorrelated 
percolation transition. If we accept these 
assumptions, our work is in good 
agreement with results of Shashkin, 
Kravchenko et al. (see references iv and 
viii). 
In conclusion, we used a modified tight-
binding Hamiltonian for making 
percolated states, and by using super 
cells and Bloch theorem, calculated the 
effective mass. We saw that it diverged 
near the percolation transition as 
( ) α−−∝ PcPm* .   
We thank M. Vahedi, H. Cheraghchi & 
A. Saberi for their helpful discussions. 
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